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There are, in general, T spheres tangent to all n + 1 faces of an n-simplex. 
If  n is odd and all the faces have equal (n - l)-dimensional measure, the number 
of spheres is 2” - C(n, t(n + 1)). I f  n is even and the measure of one face is 
twice that of each of the others, the number of spheres is 2” - C(n, i(n + 2)). 
We prove the conjecture that these configurations yield the respective minimums. 
It is known that, in general, there are 2” spheres tangent to all n + 1 
faces of an n-simplex but it has only been conjectured [l, p. 3891 that the 
minimum number of such spheres is 
2” - C(n, $(n + 1)) or 2” - Ch Hn + 2)) 
according as n is odd or even. The purpose of this note is to prove the 
conjecture. 
Our starting point is the following [l, p. 3871: 
LEMMA 1. Let I,, denote the set of integers 0, I,..., n and let 
e = (e. , e, ,..., e,) denote a vector each of whose components is 1 or -1. 
For i E I, let Ai , at , Fi , fi be, respectively, a vertex of an n-simplex, its 
position vector, the hyperplane of the opposite face, and its (n - l)- 
dimensional measure. Let P be the center of a sphere which for i E I,, is 
tangent to FJ and iet e, be 1 or - 1 according as P and Ai are on the same 
or opposite sides of Fi . Then s(e) = & eifi > 0 and the position vector 
of P is given by 
P = C e&We>. (1) 
In 
Conversely, for any choice of e such that s(e) > 0, the point whose position 
vector is given by (1) is equidistant from the Fi . 
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If N is the number of e’s for which s(e) = 0, the number of e’s for 
which s(e) > 0 is 3(2”+l - N) = 2” - &N, which corresponds to the 
number of spheres tangent to all the faces of the simplex. The number of 
spheres is minimal when N is maximal. Now s(e) = 0 only if the sum 
of some of the fi equals the sum of the remaining fi , i.e., if the sum of 
some of thefi is S where S is half the sum of all the& . The number of 
ways that a subset of the fi can sum to S is the coefficient of Xs in the 
product 
(1 + A+)(1 + Xfl) a** (1 + xfm). 
We now examine such products. 
Let the polynomial P(X) = &pixi be such that 
0 <PO = Pm G Pl = Pm-1 =G *-* G Phi = P[+(m+1)1 , (2) 
where [ ] denotes the greatest integer function and the last two expressions 
may not be distinct. Then it is clear that, if non-existent coefficients are 
taken to be zero, 
(i) 
(ii) 
P&)(1 + X) = Cr,+,(pt + pi-3 9 has the same property and 
if b6 and ci , i = 0, 1,2 ,... are, respectively, the coefficients of 
P(X) and P(x)(l + X) in decreasing order of magnitude, then, for any 
integer r, 
5: ci = 2 I; bi + b, + b,+l = C bj + C bi . 
I I 1 4-l I r+1 
Further, let Q(X) be a linear combination of distinct arbitrary, i.e., not 
necessarily integer, powers of X, and let f be any number. Let di and et , 
i = 0, 1, 2,... be the coefficients, taken in decreasing order of magnitude, 
of Q(x) and Q(x)(l + x3. Then, for any integer r, it is clear that 
Two simple lemmas carry us to our goal. 
LEMMA 2. Let & , i E I, , be arbitrary numbers and let d* , bt be 
the respective coeficients, in descending order of magnitude, of 
Q(x) = (1 + xfo) *** (1 + xf*) and P(x) = (1 + ~)~+l. Then, for any 
integer r, & dt < x1, bj . In particular do < b, = C(n + 1, [+(n + l)]). 
Proof. We proceed by induction on the number of factors. The 
result is trivial for one factor. Suppose the result true for n + 1 factors. 
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It is clear that P(x) satisfies (2) with m = n + 1 so that, using the notation 
of the preceding discussion, 
< C bi + C bi by induction hypothesis 
4-l 4+1 
= pi 
and the result is established for n + 2 factors and hence for any number 
of factors. 
LEMMA 3. Let fi , i E I,, be arbitrary numbers not all equal, and let 
di , bi* be the respective coeficients, in descending order of magnitude, of 
Q(x) = (1 + A+) .** (1 + xfn) and P(x) = (1 + xB)(l + x)“. 
Then, for any integer r, 21, di < & bi*. In particular, 
d,, < b,* = C(n + 1, i(n + 3)), if n is odd, and 
= 2C(n, t(n + 211, if n is even. 
Proof. We show that P(x) satities (2) with m = n + 2. For i E I,+l 
we have 
and 
pi = C(n, i) + C(n, i - 2) 
p*+&i = C(n, n + 2 - i) + C(n, 12 - i) 
= C(n, i - 2) + C(n, i) = pt . 
For i < [+(n + l)] we have C(n, i) > C(n, i - 1) and C(n, i - 2) > C(n, i - 3) 
so that pi > piml . If n is odd, [$m] = [+(n + 2)] = [$(n + l)] so that (2) 
is satisfied. The largest term is 
Ch Hn + 1)) + Ch ii@ - 3)) = Ch S<n + 1)) + C(n, Hn + 3) 
= C(n + 1, t(n + 3)). 
If n is even, [+(n + 2)] = 4j(n + 2) and 
PH~+~) = C(n, 4(n + 2)) + Ch Nn - 2)) 
= 2C(n, Nn + 2)) 
= 2(n + 4) C(n, i(n - 4))/(n - 2) 
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while [Kn + I)] = in and 
P+z = C(n, 84 + C(n, :(n - 4)) 
= 2(n + 2 + 4/n) an, S(n - 4))/(n - 9, 
which is not larger for n 3 2. Thus (2) is again satisfied. 
The conclusion of the lemma is trivial for two factors and the remainder 
of the proof is identical to that of Lemma 2. 
While all we shall need for the geometry problem are the results about 
the largest coefficient, d,, , of the product Q(X), we examine some of 
the others. Consider the second largest coefficient, dl . If all the & are 
equal, dl = b, . If the h are not all equal, then dl < d,, = b,,*, which 
equals b, if n is odd and is smaller if y1 is even. Thus, in every case, dl < b, . 
This dominance does not extend to the third largest coefficient. For 
example, the coefficients of (1 + xa)(l + x)” are 2, 2,2, 1, 1 while those of 
(1 + x)” are 3,3, 1, 1, and a little calculation shows b,* > b, for all even n. 
Similarly, b,* > b3 for odd IZ. Finally, b,* > b, for even n while b$* > b, 
for odd 12 where b$* is the fifth largest coefficient of (1 + ?)(I + x)“. 
Returning to our geometry problem, if n is odd, we find by Lemma 2 
that 
N < an + 1, :e + 1)) = 2Ch 3(n + 1)) 
and equality can be achieved by taking all the fi equal. If n is even and 
all the f; are equal, no subset of the n + 1 fi adds to half the sum so that 
the maximum is attained when the& are not all equal. We find by Lemma 3 
that N < 2C(n, $(n + 2)). Equality can be attained by having fi = $fo , 
i = I,..., n. 
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